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Abstract We consider a class of second order degenerate elliptic operators arising
from second order stochastic differential equations in R” perturbed by noise. We study
realizations of such operators in L! spaces with respect to their (explicit) invariant
measure, proving that they are m-dissipative.
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1 Introduction

We consider a class of Kolmogorov operators associated to second order stochastic
differential equations in R", such as

[ Y'(t) = —My(t) — y'(t) — DU(@)) + W' (0),

, 1.1)
y(©0) =yo, Y'(0) = xo,

where M is a symmetric positive definite matrix, U € c! (R",R) and W is a standard
Brownian motion in R".

Equation (1.1) is a model for the motion y(f) of a particle of mass 1 subject to a
force field —My — DU(y) perturbed by noise. The term —y'(¢) describes the friction
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to the motion, proportional to the velocity. See e.g. [2] and the references therein.
Setting y'(¢) = x(¢) the differential equation in (1.1) is rewritten as a system,

d (20 _ 5 (O _ (PUGDY , (W
d (W))_B(ya)) ( 0 )*( 0 ) (12)

B:(_% _]‘04), (1.3)

and I is the identity matrix in R”.

It is well known that if U is sufficiently smooth and it has bounded second order
derivatives, problem (1.1) has a unique strong solution (x(z), y(f)).

The corresponding Kolmogorov operator in R*" is given by

where

1
(K)(x,y) = 5 Axp = (My + DyU(y) +x, Dx) + (x, Dy), (1.4)

and its formal adjoint K* is given by

1
(K*p)(x,y) = 5 8xp = (., Dyp) + (My + DyU(y) + x, Dxp) + np- (1.5)

It is easy to see that the function p(x, y), defined by

2
p(x,y) = e~ (My.y)+Ixl%) o —2U ()

satisfies K*p = 0, and that

Z:= / px,y)dxdy < 400, (1.6)
R2n

provided that U is bounded from below.

In fact, under suitable assumptions it follows from [4] that problem (1.2) possesses
a unique probability invariant measure u given by u(dx,dy) = Z~!p(x, y)dxdy.

Therefore it is of interest to study the realization of the Kolmogorov operator
K, defined in a suitable domain (see Sect. 3 below), in the spaces L? (R?" 1), under
minimal assumptions on U.

The simplest situationisn = 1, M = 1, U = 0, in which case u is the probability
Gaussian measure in R? and K is the Kolmogorov operator

1
(Ko)(x,y) = B @xx + Xy — (Y + X)px.

For general dimension # and for general matrix M, if U = 0 then K is still a hypoelliptic
Kolmogorov operator, because it can be written as

1
(Kg)(2) = 5 Tr OD?¢(z) + (Bz, Dg(2))

I 0 -I -M
o= o) »=(% 70)
satisfy the controllability or hypoellipticity condition
Rank(Q'2, BOY?) = 2n.

where the matrices
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Integration by parts shows that for each regular «, v with good behavior at infinity
(say for instance u, v € C§° (R?")) we have

1
/ Kuvip =3 / (Dyt, Dev)du+ | (Do, Dev) — (Dyte, Dyhyda,  (1.7)
]R2n RZn RZn

where Dy, D, denote the gradients with respect to the variables x, y only. Therefore
K is not symmetric in L2(R?", ut). It is naturally associated to the quadratic form

1
a(u,v) = 3 /(Dxu,DXV)dM— /((Dyu, Dyv) — (Dyu, Dyv))dp,
R2n R2n

which is well defined and continuous in H(R?", x1). This is the space of the functions
u e L2(R*, 1) N H! (R*") whose first order derivatives belong to L*(R>*, 1), and it

loc
is a Hilbert space with its natural scalar product

(U, V) i gon ) = / uvdu + /(Du,Dv)d,u.
RZn RZn
‘We have

1
atww) = 5 / DyulPdp, e H'®, ),
Rzn

therefore for any A > 0 the form (u,v) — a(u,v) + A(u,v);2 is not coercive, and the
Lax-Milgram lemma cannot be used to find solutions to

Mu,vype +a,v) = (f,v);2, ve H'®R™, ), (1.8)

i.e. to find weak solutions to Au — Ku = f for f € L2(R*", u). However, taking v = u
and v = sign u (or a smooth approximation of sign u) in (1.7), it follows in a more or
less standard way that the realization of K with domain C§° (R?") (or another space
of good enough functions) is dissipative in L?>(R?>*, 1) and in L!(R?", 1). By interpo-
lation, it is dissipative in L” (R?", 1) for each p € [1,2], and hence it is closable with
dissipative closure K.

In this paper we focus our attention on the operator K;. We show that if

/ (UM + DUG)Pre VP dy < +oo, (1.9)
Rn

then K is m-dissipative in L (R?*, u), i.e. it is dissipative and the range of Al — K| is
the whole L (R?", i) for each A > 0.

By the Lumer—Phillips Theorem it suffices to prove essential m-dissipativity. This is
done by perturbation, using existence, uniqueness, and regularity results for the case
U = 0. In this case Assumption (1.6) is satisfied because M is positive definite.

Every m-dissipative operator with dense domain is the infinitesimal generator of
a strongly continuous contraction semigroup. Denoting by 7'(¢) the semigroup gener-

ated by K1, we prove that
[rora= [ ra

R2n R2n
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foreacht > Oandf € LY(R?" 1), i.e. u is an invariant measure for 7'(7).

We notice that assumption (1.9) does not guarantee existence in the large of the
strong solution to (1.1). If all the solutions to (1.1) exist in the large, for each Borel
measurable and bounded function f it is natural to have the equality

(TOf)(x0,y0) = Elf (x(z,x0,y0), y (£, x0, yo))I, >0, (1.10)

where (x(t,x0,y0),y(t,X0,¥0)) is the solution to (1.2) with initial data x(0, xo, yo) = Xo,
¥(0,x0,y0) = yo.

But in general it is not clear whether the solutions to (1.2) exists in the large or
not, while the left hand side of (1.10) still makes sense and it can be used to solve in a
weak sense (1.2) using the theory of Dirichlet forms. See [7], [3], [8], [10]-

For a detailed treatment of nondegenerate second order elliptic operators in L!
spaces with respect to invariant measures we refer to [9]. To our knowledge, this is
the first study in the degenerate case.

2 The case U =0
We need a preliminary study of the realization of K in the space Cj(R*") of the con-
tinuous and bounded functions from R?" to R, in the case U = 0. To this aim we use

some results of [6], to which we refer for more details, proofs and comments.
It is well known that the solution of (1.1) is given by the Ornstein-Uhlenbeck

prOC@SS
t
x(@®)Y\ _ B (X0 (-s)B [ AW (s)
(W))_e (yo)+0/e ( 0o )

The corresponding transition semigroup—the Ornstein-Uhlenbeck semigroup—is
defined by

1 -1
ROV = m o7 / e Q2B —£)ds, 1> 0,
R2n
7= (x,y) e R¥, @2.1)
where Q; is the matrix
t
0, = / eBoeBds, 0<1< +oo. (2.2)

0

Note that the eigenvalues of B have negative real part, so that e*5, e’8” decay expo-
nentially as s — 400 and Q; is well defined at t = +o0 too.
Setting for Re 2 > 0

+00
(F(Me)(z) = / e MRWO)()dt, 7z €R™, ¢ e CpR™),
0

then F()) is one to one in C, (R¥") and it satisfies the resolvent identity in the half-plane
Re A > 0. Consequently there exists a unique closed operator L : D(L) — Cp (R2)
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such that
FO)=OI—L)"", Reir>0.

L is called the generator of R(t). Note that R(¢) is not strongly continuous in Cp, (R?)
and even in BUC(R?), see [6, Proposition 6.3], so that it has no infinitesimal generator
in the usual sense.

L is a realization in C,(R*") of the Kolmogorov (or degenerate Ornstein—
Uhlenbeck) operator £ defined by

1
(Lw)x,y) = 5 Agu(x,y) = (My +x, Dyu(x, ) + (x, Dyu(x, y)). (23)

Proposition 2.1 Letu € D(L), i.e.u = R(A, L)f for some A > Oand f € Cy, (R?"). Then
Dyu e Cp (R2) fori=1,...,n, and there is C > 0, independent of u and f, such that

1Dy ||f lloo- 24)

Ulloo < \/»

If in addition f € C})(Rz"),(]) then u, Dy,u € C,l)(RZ”) fori =1,...,n, and there is
C > 0, independent of u and f, such that

I'Dul lloo < %II [Dfllloc,  1Dxixjttlloo + I1Dxiy;ttlloc < fll IDf lloo- (25)
Moreover, Lu is given by the right hand side of (2.3).
Proof We use the following estimate from [6, Proposition 3.2],
(DRON@| < e flloc, e Cp@®™, 1>0, z€R™ (2.6)

Replacing in the formula for the resolvent, (2.4) follows.

Concerning (2.5), since DR()f = e'"R(t)Df for each f € C}(R*") and ¢ > 0, then
D R()f € CL(R?) for f € CL(R?"),i=1,...,n, and D(Dy,R(1)¢) = Dy,(DR(1)¢) =
D,,e’B"R(t)Df, so that

1D ROf oy omy < €2 Ifllcygomy. € @™, t>0, i=1,....n.  (27)

Replacing again in the formula for the resolvent, (2.5) follows. From [6, Theorem 6.2]
we know that u is a distributional solution to Au — Lu = f, in the sense of the tempered
distributions. Since u is regular enough, it is a classical solution. O

In the following we shall need that Lu is nonpositive at each maximum point and
nonnegative at each minimum point, which is obvious for smooth functions u but it is
not immediate for general u € D(L).

Lemma 2.2 Letu € D(L). At any local maximum (resp. minimum) point zq for u we
have Lu(zp) < 0 (respectively Lu(zp) > 0).

1 Cll’ (R?") is the space of all bounded and continuously differentiable functions from R?” to R with
bounded derivatives, endowed with the norm ||f||C1 ®2ny = Iflloo + ZZ] I1Diflco-
b
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Proof The statement is obvious if u € Cl(R?") and it has continuous derivatives
Dyyu,i=1,...,n For general u € D(L), let zg be a local maximum point for u. Let
r > 0 be such that u(zo) > u(z) for |z — zg| < r. Possibly adding a constant, we may
assume that u(zg) > 0 and u(z) > 0 for each z € B(zp,r). Let 8 be a smooth cutoff
function, such that 0 < 6(z) < 1 for each z # zg, 0(z0) = 1, 0 = 0 outside B(zg,r),
and all the second order derivatives of 6 vanish at zg. Then the function

U(z) == u(2)0(z), zeR™,
has z¢ as its unique maximum point, it belongs to D(L) and
Lu=Lu-0+ L6 -u+ (Dyu,D,0). (2.8)

This can be seen as follows. Fix A > 0 and set Au — Lu = f, then approach f by a
sequence (f) of uniformly bounded functions belonging to C}, (R?") that converge
to f uniformly on each compact subset of R** (for instance, we may approximate f
by convolution with smooth mollifiers). Then R(f)f; converges to R(¢)f uniformly on
each compact subset of R%" and by dominated convergence uy := R(X, L)fy converges
pointwise to u = R(A,L)f and Dy,uy converges pointwise to Dy,u fori = 1,...,n.
By difference, Luy converges pointwise to Lu. Since L(uit) = Luy -0 + L0 - uy +
(Dyug, Dy0) by Proposition 2.1, letting k — +oo we get (2.8).

Now we go on as in the proof of [5, Proposition 3.1.10]. Since A — Lu := ¢ is
uniformly continuous and bounded, there is a sequence (¢g) of uniformly bounded
functions belonging to C; (R?") that converge to ¢ uniformly on R?". The functions
iy := R(x, L)gy belong to C}, (R?") and they are twice continuously differentiable with
respect to the x variables. They converge uniformly tou = R(A, L)¢, and by difference
Luy, converges uniformly to Lu.

Since 1, converges to 7 in L*™ and u = 0 outside B(zo,r), also u; has maximum
points for k large enough, and since zo is the unique maximum point of u, there
is a sequence (zx) of maximum points for u; that goes to zog as k — +oo. Since
Lt (z) < 0, then also Lu(zg) < 0. But Lu(z9) = Lu(zgp), and the statement follows.

O
3 The general case
Here we assume that (1.9) holds. It follows that
[P +1pUe)Pau < +oc. (3.1)
R2n
ie. (x,y) — U(y) € HY (R, ). We define the operator K on the domain of L by
(Ku)(x,y) = (Lu)(x,y) — (DU(y), Dxu(x,y)), u e D(L). (32)

Note that (DU, D.u) € L'(R*", i) for each u € D(L) because D.u is bounded by
Proposition 2.1 and |DU| € L?>(R**, n) ¢ LY (R*", ).
Let us prove two basic identities.
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Proposition 3.1 For any u € D(L) we have

1
/ Kuudy = —3 / \DuPdp. (3.3)
]RZn ]RZ”

More generally, if g € C'(R) has bounded derivative g/, then

1
/ Kug(u)dp = -3 / |Dyul?g (w)dp. (3.4)
R2n R2n
Proof Both (3.3) and (3.4) follow just integrating by parts if u € D(L) N C})(RZ”)
and also the second order derivatives Dy,y,u are continuous and bounded. If not,

we set Au — Lu = f, and we approach f by a sequence (fy) of uniformly bounded
functions belonging to C}) (R?") that converge to f uniformly on each compact subset

of R, as in the proof of Lemma 2.2. The functions uy := R(X, L)fy, Dx,ux and Luy
converge pointwise to u, to Dy,u, and to Lu, respectively, with dominated conver-
gence. Moreover each uy isin D(L) N Cll7 (R?") and its second order derivatives D iyl
are continuous and bounded. Therefore, (3.3) and (3.4) are true with uy replacing u.
Letting k — oo we obtain (3.3) and (3.4) for u. ]

Using (3.4) we can prove that K is dissipative in L' (R**, ).
Proposition 3.2 For each u € D(L) and A > 0 we have

1
||M||L1(R2n7#) < X ”}\,I/l — Lu”Ll (R2n»lf«)'

Proof Set Au — Ku = f and
2
gr(w) = - arctan(kw), ke N, weR.

The sequence (gx(u(z))) approaches sign u(z), as k — oo, at each z, and for each k
we have

[rugedn~ [ Kugodn = [ feodn.
R2n R2n R2n

By formula (3.4) we get

1
[ Kugewdi == [ 1Duigdu <o
RZn RZn
so that

/Augk(u)du < /fgk(u)du < / [f1du
RZn

R2n R2n

and letting k — 400 we obtain Mull g gn yy < ||f||L1(R2,, ) by dominated conver-
gence. O

Now we need some a priori estimates in the sup norm for the solution to Au —
Lu — (F,Dyu) = f with a vector field F € C,(R**,R"). They yield dissipativity of
L + (F,Dy) in Cp(R?"), and they will be obtained extending the Maximum Principle
to our situation.
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Lemma 3.3 LetF € Cp(R¥,R") and letu € D(L). For > 0set hu—Lu—(F, Du) =f.
Then

1
lulloo < Xllfllw
Ifin addition f(z) > 0 for each z € R then u(z) > 0 for each z € R2",

Proof Once Lemma 2.2 is established the proof is similar to the one in the case of
nondegenerate principal part; we write it below for the reader’s convenience.

Ifthereis zg € R? such that ||u||c = Fu(zo) the first statement follows immediately
from Lemma 2.2. If not, we may assume without loss of generality that ||u|l.c = supu
and that there is a sequence (zx) of points in R?" such that |z;| — +oo, u(zx) >
lulloo — 1/k.

Let 6 be a smooth cutoff function, such that 0 < 6(z) < 1 for every z, 6 = 1 on
B(0,1), 6 = 0 outside B(0,2). Set 6;(z) = 0((z — zx)/|zk|), so that

sup || L6k + (F, Dxb}lec < 00,
keN

and set
2 2n
ui(z) = u(z) + % Or(z), ze€R™.

Then uj converges to u uniformly, and for every k, sup ux = max ug. Let wy € R2" be

any maximum point for ug. Then uy (wy) goes to ||u||« as k — +o0o. Moreover,
Aug(wi) — Luéc(wk) — (F(wi), Dxug(wi)) 35)
=fwp) + % Mk (Wi) — Lop(wi) — (F(wi), DxOr(wi))) , ’

so that
1 2
ug(wg) < 5 Il + o 120k — LOk — (F, Dx0k) |l co-

Letting k — oo we get the first statement.

To prove the second statement we follow the same procedure. It is enough (in fact,
it is equivalent) to show that if f(z) < 0 for each z, then u(z) < 0 for each z. Assume
by contradiction that f(z) < 0 for each z but u(z) > 0 at some z. Then supu > 0. If
supu = max u and g is a maximum point then Au(zo) — Lu(zp) > 0, a contradiction.
If u has not maximum points, define wy, uy as above. Since f(wy) < 0, formula (3.5)
implies

2
u(wg) < o 1460k — Lok — (F, Dx6) |l oo

that converges to 0 as k — +o0. Therefore, supu = limg_, ; o, maxu; < 0, and the
second statement follows. O

Since U € H'(R*", j1), it may be approximated by a sequence of e (R?") functions,
as the next lemma shows.

Lemma 3.4 There is a sequence of Ci° (R2) functions Uy = U(y) such that
kli)n;o ||Uk — U”HI(RZn’u) = O
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Proof Let v be the measure in R” defined by v(dy) = exp(—2U(y) — (My, y))dy. From
[1, Lemma 2.2] we obtain that C5°(R") is dense in H LR, v), and therefore there is
a sequence of functions Uy in C5°(R") that approach U in H L®",v). The functions
(x,y) > Uk(y) belong to Cgo(Rzn) and
7.[}1/2
Uk — Ul R2 ) = 7||Uk - U”Hl(]Rn,v)’

where Z is defined by (1.6), and the statement follows. O

Proposition 3.5 Let Uy be the functions given by Lemma 3.4. For any » > 0 and
fedCy (R2") the equation

Aug — Lug + (DUy, Dyug) = f, (3.6)

has a unique solution uj, € D(L).
Moreover, there is . > 0 such thatif A > Ay and f € C})(Rz”) then Dy,uy, € C}?(Rb’)
foreveryi=1,...,n

Proof Setting Auyx — Luyx = ¢, Eq. (3.6) is equivalent to

Using Corollary 2.1, we see that the operator ¢ — —(D Uy, Dy R(A, L)) is a contrac-
tion in C,(R?") if 1 is large enough, say A > Ag. In this case (3.6) has a unique solution
uy in D(L), uxy = R(x, L)p where ¢ is the unique solution of (3.7) in Cj,(R>"). Since
the operator Ky defined by

Kyu = Lu — (DUy,Dyu), ue D(L)

is dissipative in Cp,(R?") by Corollary 3.3, Eq. (3.6) is uniquely solvable in D(L) for
any A > 0.

Using again Corollary 2.1, we see that ¢ — —(DUy, D,R(}, L)g) is a contraction
in C}(R?") if A is large enough, say A > Ax. Therefore if f € C}(R*"), Eq. (3.7) has
a unique solution ¢ € Cllj (R?"), which coincides with the unique solution in Cp, (R,
and u; = R(A, L)g has the claimed regularity properties by Proposition 2.1. O

Now we are ready to prove the main results of the paper.

Theorem 3.6 K is essentially m—dissipative in LR ). Therefore, the closure Ky of
K in LYR?*, 1) is m~—dissipative.

Proof We have to show that for each A > 0 the range of ./ — K is dense in LR ).
Since Cp(R?") is dense in L' (R?", u), it is enough to show that each f € Cj,(R*") may
be approximated in L!(R?*, 1) by a sequence of functions belonging to the range of
A —K.

For each k € Nlet ux € D(L) be the solution of (3.6). By Proposition 3.5 we know
that D,uy is continuous and bounded, and so we can write

A — Kuy = f + (DU — DUy, Dyuy). (3.8)
We claim that
Jlim / (DU(y) = DU(Y), Dat(x,))|dp = 0. (3.9)
R2n

@ Springer



G. Da Prato, A. Lunardi

To this aim we need an estimate on the L?-norm of | D, |. Multiplying both sides of
(3.8) by uy, integrating over R?" and taking into account (3.3) yields

1
[idan+s [ 1DanPau= [ fucdn+ [ (DU DU D d
R2n R2n R2n R2n

It follows that
/ Dt Pdpt < 20l 1 gon o Ntk oo +2 / (DU — DU Daugldue.  (3.10)
RZn RZn

By the Maximum Principle (Corollary 3.3),

1
ltelloo = - 1 lloo- (3.11)

Using (3.11) and then the Holder inequality, we get

/ (DU — DUy, Dyug)uglde

R2n
12 12
1
< Wis| [U-DURd| | [ D
R2" RZn
1 2 1 2 2
= | IDauldu+ 5 11 | 1IDU - DUdu. (3.12)
RZn RZn
Consequently, by (3.10) it follows that
4 4
[ Danian < 1A+ 55 Wi [ IDU- DU (313)
R2n R2n
This yields (3.9); we have in fact
[ 10U = DU D)
R2n
1/2 1/2
= [iwov-pura| | [iDaPau
R2n R2n
12 1/2
2 4 4 2
< IDU — DUg|*du X + 3z [DU — DU |*du 1/ llco

R2n R2n

by (3.12), and the claim follows from the dominated convergence theorem.
Therefore, K is essentially m—dissipative in L'(R**, ). By the Lumer—Phillips
Theorem, its closure K is m—dissipative. O
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Let T'(¢) be the strongly continuous contraction semigroup generated by Kj. In the
following Proposition we collect some further properties of 7'(f). We denote by Il = 1
the constant function with value 1.

Proposition 3.7 The following statements hold.

(i) TOL=1, foreacht > 0.
(i) Iff > O0a.e., then T(t)f > 0 a.e. for each t > 0.
(iii) The measure  is invariant for T(t), i.e. foreacht > 0 and f € LY(R?, )

[ rora= [ ra.

R2n R2n

Proof

(@)
(ii)

(iii)

1e.

Since 1 belongs to D(L) ¢ D(K7) and K11 = K1 = 0, it follows that T(H)1 = 1,
for each ¢t > 0.

Iffe Cp(R?"), then R, Ky)f = limg_, o uy where the functions uy are the
ones used in the proof of Theorem 3.6. Indeed, setting f; = Auy — Kuy we
have proved that f; goes to f in L'(R**, ); therefore uy = R(%,K;)fi goes
to R(x, Kp)f in L'(R**, ) as k — oo. But if f(x,y) > 0 for each (x,y) then
ur(x,y) > 0 for each (x,y) by Lemma 3.3, and therefore u(x,y) > 0 for each
(x, ).

Iff e LYR?", 1) then R K)f = limg_ oo R(A, Kp)fk, Where (fi) is any se-
quence of functions in C,(R?") that converges to f in L1 (R**, 1). If f(x,y) > 0
a.e. we may choose a sequence (fx) such that f;(x,y) > 0 for each (x,y). Then
(R, K)fr)(x,y) > 0 for each (x,y) and therefore (R(A,K1)f)(x,y) > 0 for
almost all (x, y).

Letf e Cé (R?"), fix k € Nand A > A, where A is given by Proposition 3.5, and
let uy, be the functions used in the proof of Theorem 3.6. By Proposition 3.5, the
derivatives Dxix}.uk and Dx,.yjuk, i,j =1,...n,are continuous and bounded. We
may integrate by parts and obtain

/ Kuyp dpu =0,

R2n

/ KiROLK)(f — (DU — DU, Duy))du =0, A > Ag.

R2n

The function A +— [po, KiR(A, K1)g du is holomorphic in the halfplane Re A > 0 for
every g € L (]RZ”, ). Therefore,

| KiRG.K)(f = (DU = DU.Duyde =0, .

R2n

and letting k — 400

/ KiRGK\)fdu =0, 1>0, feCH®R™).

R2n
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Since C} (R*") is dense in L'(R*", 11), then

/ KiROLKDfdu =0, 2> 0, feLl ®"u.

R2n

Since D(K) is the range of R(A, K1) for each A > 0, this is equivalent to

/ Klu d,lL = 0, ue D(Kl),
R2n

i.e. u is infinitesimally invariant for K, and it implies

[ Rockoran=5 [fan =0 feri@ .

R2n R2n

so that for every k e N

1
/R(A,Kﬂ"fdu = /fdu A>0, feL'®” W),
RZn RZM

and for every f € LY(R**, ) and ¢ > 0

, K\* (k \¥
/T(t)fdu=k£rfooR£ (;) R(;,Kl) fau= [ rau.

R2n R2n

Statement (iii) is so proved. O
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